Abstract. Derivative superconvergent points under locally equilateral triangular mesh for both the Poisson and Laplace equations are reported. Our results are conclusive. For the Poisson equation, symmetry points are only superconvergent points for cubic and higher order elements. However, for the Laplace equation, most of superconvergent points are not symmetry points, which are reported for the first time in the literature.
INTRODUCTION
We consider the numerical solution to Poisson's equation
where Ω ⊂ R 2 is a bounded domain with boundary ∂Ω, f and g are sufficiently smooth. If f ≡ 0, (1.1) reduces to Laplace's equation.
Let {τ h } be a sequence of finite element (FE) meshes of the domain Ω with mesh size h → 0. Moreover, we assume that Ω is locally partitioned into uniform equilateral triangles. For each h, let V n,h (Ω) be the corresponding nth order polynomial FE space defined in Ω, and u n,h be the nth order FE solution of (1.1). To simplify the notation, we shall write V n for V n,h and u h for u n,h respectively when no confusing may arise.
In this paper we study natural superconvergence property of u h under local equilateral triangular mesh. Here "natural superconvergence" means that the superconvergent points are obtained without applying any recovery or averaging techniques in the FE solutions. For the literature in superconvergence, see e.g. [1, 3, 6-9, 13, 14, 18] and references therein.
In [5] , Blum, Lin, and Rannacher showed that, for linear FE with a uniform equilateral triangular mesh, the error (u − u h ) is of order O(h 4 ) at nodal points, which is 2 orders higher than the optimal global convergent rate. It is also known that for equilateral (as well as regular) quadratic element, the two Gaussian points on element edge are superconvergent points for the tangential derivative [2, 18] , and the mid-point on element edge as well as vertices are superconvergent points for function values [14] . It seems that the Gaussian points and Lobatto points are superconvengent points. However, Zhang and Naga have demonstrated recently, that Lobatto and Gaussian points are not natural superconvergent points for the cubic and quartic FE under an equilateral triangle mesh [17] . We are motivated by a naturally related question: What are superconvergent points for high order equilateral triangular finite elements?
Some superconvergent results of equilateral triangular elements can be obtained from the symmetry theory due to Schatz, Sloan, and Wahlbin [12] . The theory predicts that superconvergence occurs at local mesh symmetry points. More precisely, for odd order (linear, cubic, etc.) elements, the symmetry points are derivative superconvergent points; for even order (quadratic, quartic, and so on) elements, the symmetry points are function value superconvergent points. The theory is applicable to equilateral elements. Nevertheless, it does not say that there is no other superconvergent points; and therefore, it is not conclusive.
In mid 90s, a systematic approach of finding superconvergent points is developed by Babuška and Strouboulis et al. They reduced the problem of finding natural superconvergent points to the problem of finding intersections of certain polynomial contours in the master cell (a 2-cell). The actual superconvergent points are determined by computer programs without explicitly constructing those polynomials. Therefore, the method is called "computer-based" proof. In [4] , the authors considered derivative superconvergence of isosceles right triangular elements in four mesh patterns.
Later, Zhang proposed an analytic approach through an orthogonal decomposition [15, 16] . He constructed explicitly the polynomials, which are needed for determining the superconvergent points in the "computer-based" method, and studied derivative superconvergence of several families of rectangular and brick finite elements. Using this approach, Lin and Zhang studied natural superconvergence of derivatives and function values under the four mesh patterns of isosceles right triangles [10] . The results confirm all superconvergent points for the Poisson and Laplace equations reported in [4] . Moreover, many new superconvergence results are obtained.
We shall apply the analytic approach to equilateral triangular elements in the present article. We would like to point out that this case was not considered in the "computer-based" proof. Nevertheless, it is the most important case from a practical view point. Since an automatic mesh generator based on the Delaunay triangulation produces near equilateral triangles on most part of the domain. See, for instance, example meshes generated by DistMesh [11] (Figure 1 and Figure 2) .
Here is the outline of the paper. In Section 2, some preliminaries are provided to set a base for the analytic approach. In Section 3, we illustrate the process by using an example. Superconvergence results are summarized in Section 4. Finally, numerical examples are provided in Section 5 to verify the computational efficiency of the proposed points.
PRELIMINARIES
Consider the superconvergence in the local equilateral triangular mesh illustrated in Figure 3 (a), where we assume that pollution effects have been properly controlled. We note that the grid is locally translation invariant with respect to the Figure 1 . Example meshes generated by DistMesh 1 Figure 2 . Example meshes generated by DistMesh 2 master patch, which is not a 2-cell. The main theorems in [4] are also applicable to this patch. Therefore, the study of local superconvergence in an equilateral triangular mesh can be focused on the master patch, or equivalently on the reference patch K; see Figure 3 (b). We shall not prove this statement, since the proof is analogous to that for isosceles right triangular elements. See also [10, [14] [15] [16] for more details.
It is necessary to specify what a periodic function is. A function g is said to be periodic with respect to the master patch if it is always true that g(x+h, y) = g(x, y) and g(x, y + √ 3 h) = g(x, y) in the local mesh. In contrast, a function γ is said to be periodic with respect to the reference patch if γ = B • g, where B is the mapping which maps the master patch to the reference patch. We will simply say that the function is periodic in both cases. Here, and in the context, (x, y) and (ξ, η) are In the equilateral local mesh (a), the shaded patch is the master patch.
used for the standard Euclidean coordinates in the local mesh and the reference patch, respectively. Let us denote by n 1 :
, and n 6 : (2, √ 3) the six vertices of K with the corresponding coordinates, as indicated in Figure 3 (b). Also denote by e 1 : 124 , e 2 : 314 , e 3 : 345 , and e 4 : 546 the four triangular elements in K with the corresponding vertices.
Let V n (K) be the local FE space defined on K. On each element it contains complete polynomials of degrees up to n. For a monomial v of total degree (n + 1) in two variables, we define an interpolation operator I n such that, (i) I n v ∈ V n (K), and at each vertex n p of K,
We shall note that
where V π n (K) is the nth order periodic FE space defined on K.
spans a space Φ n+1 (K), which is a subset of V π n+1 (K) and satisfying (2.5)
The family of Φ s defines an orthogonal decomposition of the periodic FE space.
It has been shown that [10, 15] Theorem 2.1. (i) When n ≥ 1, derivative superconvergent points of V n (K) along the ξ-direction for the Poisson equation are the intersections of the contours
(ii) When n ≥ 1, derivative superconvergent points of V n (K) along the ξ-direction for the Laplace equation are the intersections of the contours ∂ψ Re n+1 ∂ξ = 0 and ∂ψ
DETERMINING SUPERCONVERGENT POINTS; AN EXAMPLE
From Theorem 2.1, it is clear that to determine the nth order superconvergent points one needs first to find a basis of Φ n+1 (K). Recall that
is a basis, which can be determined by using the approach described in Section 2.
For instance, we study superconvergence of cubic elements. In this case, n = 3 and we need to consider all monomials of degree 4. We first take monomial ξ 4 . By (2.1) -(2.3) one may get the interpolation of ξ 4 as (3.1)
Then we solve (2.4) and obtain the correction term (3.2) By a similar approach, we can find a basis of Φ 4 (K). It is worthy to point out that the expression of each piecewisely defined basis function is symmetric. For example,
Moreover, the locations of the superconvergent points in different elements are also symmetric.
Here, we provide the expressions of the basis functions in one element, say e 3 . The expressions in the other elements are obtained by symmetry. 
70 . Now we are in the position to determine superconvergent points of cubic equilateral triangular finite elements. According to Theorem 2.1, the ξ-derivative superconvergent points of the Poisson equation in element e 3 are common zeros of (3.5)
35 ξ, which turns out to be the midpoint (0, 0) of the ξ-direction side 3-4. This is a local symmetry point, which is predictable by the symmetry theory [12, 14] .
For the Laplace equation, we need to consider the two harmonic compositions of the monomials of degree 4 [10] . In particular, the superconvergent points are common zeros of (3.6)
η. It is straightforward to solve the equation system and get 7 points Note that except (0, 0), the other six are not symmetry points. Moreover, the first three points are the cubic Gaussian points on the horizontal side 3-4.
SUPERCONVERGENCE RESULTS
As demonstrated in Section 3, we can determine superconvergent points in element of higher order. In this section, we collect derivative superconvergence results of equilateral triangular finite elements of orders up to 7. We present ξ-derivative superconvergence results in one element e 3 . Superconvergent points in the other elements can be obtained by symmetry. Similar results for derivatives in other tangential directions of the triangle can be obtained by rotation. When n is odd, the mid-points (0, 0) of the horizontal side 3-4 is a superconvergent point;
When n = 2, the two Gaussian points (± 1/3, 0) of the horizontal side 3-4 are superconvergent points;
When n > 2 is even, there is no superconvergent point.
We note that the results of equilateral triangular elements for the Poisson equation are the same as those of isosceles right triangular elements in the regular pattern [10] . The symmetry theory also predicts these results [14] .
For the Laplace equation, as shown in cubic element, more superconvergent points are expected. The contours of ∂ψ Re n+1 /∂ξ = 0 and ∂ψ Im n+1 /∂ξ = 0 in e 3 for n = 2, . . . , 7 are given in Figure 4 . We collect the results for elements of orders n = 1, . . . , 7 in Table 1 and Table 2 , where each pair of decimals represents the coordinates of a point.
Clearly, most of the superconvergent points are not local symmetry points. The points are symmetrically distributed in e 3 at the axis ξ = 0. It is worthy to note that the Gaussian points of the horizontal side 3-4 are superconvergent points in e 3 for linear, quadratic, and cubic elements (i.e. n = 1, 2, 3); But the case is not true for elements of order n ≥ 4. Moreover, the superconvergent results here are very different from those of isosceles right triangular elements in any pattern [10] . At least the numbers of the superconvergent points are not the same.
NUMERICAL TESTS
To verify the above superconvergence results, we solve the model problem (1.1) in an equilateral triangular domain Ω, which is enclosed by three straight lines y = 0, y = √ 3x, and y = √ 3(1 − x). Figure 5 shows the initial triangulation corresponding to mesh size h = 1/8. The refined triangulations are constructed by successive decomposition of each triangle into four congruent subtriangles of half size. We choose
for the Poisson equation and
for the Laplace equation. f and g are determined by (1.1). Although our numerical tests will not be exhaustive, they are certainly representative for the indicated case. The derivative error ε n,h = |∂(u−u n,h )/∂ξ| will be measured at some specific points in a fixed interior subdomain Figure 5 . We present numerical tests for quadratic, cubic, and quartic elements in this paper.
Test I confirms the local O(h 3 ) superconvergence of the derivative error for quadratic element. In particular, for the Poisson equation, superconvergence is observed at the two Gaussian points of the horizontal side; for the Laplace equation, in addition to those two Gaussian points, the centroid of each element is also a superconvergent point. See Figure 6 . Note that the centroid is not a local symmetry point of an equilateral triangle. Test II supports the results discussed in Section 3. As we mentioned, most superconvergent points for the Laplace equation are not symmetry points. The three Gaussian points of the horizontal side are superconvergent points of the Laplace equation, not for the Poisson equation, as indicated in Figure 7 .
Finally, test III is designed to verify quartic element's superconvergent points of the Laplace equation. We can see from Figure 8 that, at the specified points, the convergent rate is O(h 5 ) instead of the global optimal rate O(h 4 ). Here the Table 1 . In particular, the first to forth edge points are the points of number 1, 3, 6, and 8 in the table; the four internal ones are the points of number 2, 4, 5, and 7. It is clear that none of the points are symmetry points. Moreover, the four edge points are not Gaussian points any more.
A final remark. We have reported in this paper, some new superconvergent points for equilateral triangles, the most important case in practice. Nevertheless, our results can only be used in an interior region of a domain where the periodic pattern of equilateral triangulation is valid and the pollution error due to corner singularity is properly controlled.
